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Introduction
Resource bounded compilation
• Logarithmic Space [Dal Lago, S]
• Hardware synthesis [Ghica, Smith]

Semantic approach
• Organise low-level programs into game semantic models:
“Low-level programs implement game semantic strategies.”
• The resulting structure can interpret higher-order languages,
but is also suitable for fine-grained resource control.

Connections to standard compilation techniques
• Interpretation in one such model is related to call-by-name
CPS-translation and defunctionalization [TLCA13].

mathematical structure all the way down



Introduction
Are such semantic approaches useful for general compilation?
• Can we compile existing languages?
• Would we obtain efficient compilation methods?
• How would they relate to existing methods?
• Would we gain anything from the semantic approach?
– Proving correctness of low-level programs?

– Specification of low-level program behaviour?

– Resource analysis?



Simple Source Language
Source Types X,Y ::= N | X → Y

Source Values V,W ::= x | λx:X.M | n
Source Terms M,N ::= V |M N | Ω

| add(V,W ) | if0 V then N1 else N2

Different evaluation strategies: call-by-value, call-by-name



Target Language
entry:

%a = extractvalue <{ <{}> }> %packed_arg, 0
br label %L466

L466: ; preds = %entry
switch i1 false, label %case0 [

i1 true, label %case1
]

case1: ; preds = %L466
br label %L278

case0: ; preds = %L466
br label %L280

L280: ; preds = %case011, %case0
%g = phi i64 [ 12, %case0 ], [ %g6, %case011 ]
%x = phi i1 [ false, %case0 ], [ %slt, %case011 ]
%i = call i64 @printf(i8* getelementptr inbounds ([3 x i8]* @format, i64 0, i64 0), i64 %g)
%i3 = call i64 @printf(i8* getelementptr inbounds ([3 x i8]* @format1, i64 0, i64 0),

i64 ptrtoint ([2 x i8]* @s to i64))
%sub = sub i64 %g, 1
switch i1 %x, label %case05 [

i1 true, label %case14
]

L278: ; preds = %case110, %case1
%g1 = phi i64 [ 12, %case1 ], [ %g6, %case110 ]
%x2 = phi i1 [ false, %case1 ], [ %slt, %case110 ]
ret <{ <{}> }> undef

LLVM IR



Low-Level Computation

A program is a set of blocks
f(x : A) { body }

with a choice of entry and exit labels.

body ::= let x=primop(v) in body

| let 〈x, y〉=v in body

| case v of inl(x)⇒ body1

; inr(y)⇒ body2

| g(v)

Value Types A,B ::= α | nat | unit | A×B | 0 | A+B

Values v, w ::= 〈〉 | n | 〈v, w〉 | inl(v) | inr(v)



Low-Level Computation

basically all compilers use something like that

((always non-termination as an effect, possibly others like

printing))

facacc(x : nat× nat) {
let 〈n, acc〉=x in

let b=lt(n, 1) in

case b of inl(_)⇒ ret(acc)
; inr(_)⇒ l(n, acc)

}

l(p : nat× nat) {
let 〈n, acc〉=p in
let n′=sub(n, 1) in

let acc′=mul(acc, n) in

facacc(n′, acc′)

}

fac(x : nat) {
facacc(x, 1)

}
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Organizing Low-Level Computation
Some issues in compilation
• Parameterisation

JMK

now, where does one need this mathematical structure I was alluding to?
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Organizing Low-Level Computation

JMK JNK ‘MN ’〈〉 interpreter

Some issues in compilation

• Interface specification

• Value management
– encoding

– tail calls

– stack management

– space usage

• Parameterisation

JMK

now, where does one need this mathematical structure I was alluding to?

want higher-order, but don’t (necessarily) want to abstract compilers should write the programs

• Values vs. Computation



Organizing Low-Level Computation
Value Types A,B ::= α | nat | unit | A×B | 0 | A+B

Computation Types X,Y ::= TA | A→ X | A ·X ( Y | ∀α.X

wichtig: Unterschied zwischen Funktionen

no function values

TA := unit · (A→ ⊥) ( ⊥

can talk about the issues from previous slide

Effect PCF [Filinski], Call by Push Value [Levy],

Enriched Effect Calculus [Møgelberg & Simpson]

X−

X+

t : X represents
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Call-by-Name
Handled nicely in the fragment

X,Y ::= TA | A ·X ( Y

s, t ::= return(v) | let x=s in t | λx:X. t | s t

(used by [Dal Lago, S.], [Ghica, Smith])

Easily extended to compile PCF or Idealized Algol
• C-like stack management

• efficient compilation
(related to CPS-translation and defunctionalization [TLCA13])

• separate compilation
• stack shape inference
• soundness proofs

A×X+

A×X−

Y −

Y +



Call-by-Value?
Not immediate
• How to represent function values?
• Computations are not values (as in other effect calculi).

Call-by-value CPS-translation [Plotkin 1975]

cps(x) = λk. k x

cps(n) = λk. k n

cps(λx.M) = λk. k (λk1. λx. cps(M) k1)

cps(M N) = λk. cps(M) (λf. cps(N) (λx. f k x))

cps(add(V,W )) = λk. cps(V ) (λx. cps(W ) (λy. k (x+ y)))

What happens when we try to translate this directly?



Call-by-Value?
Example: Translation of a function `M : N→ B.
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Call-by-Value
Problem: Translation is not safe for space [Appel].

(C1 × · · · × Ck) · (X ( ⊥) ( ⊥

let x1 = M1 in

let x2 = M2 in

. . .

let xk = Mk in N

need structure to model tail calls

((aber: das ist nicht alles! Beispiele: tail calls in LLVM, .NET und immer noch nicht JVM))

Values are deallocated only when a continuation returns (= never).
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Organizing Low-Level Computation

TODO: Animation; zuerst mit +, dann mit zwei Eingängen, dann mit unsichtbarem Argument verbunden

Value Types A,B ::= α | nat | unit | A×B | 0 | A+B

Computation Types X,Y ::= ⊥A | X ( Y | ∀α.X

(⊥A ∼= A→ T0)



Organizing Low-Level Computation

TODO: Animation; zuerst mit +, dann mit zwei Eingängen, dann mit unsichtbarem Argument verbunden

Value Types A,B ::= α | nat | unit | A×B | 0 | A+B

Computation Types X,Y ::= ⊥A | X ( Y | ∀α.X

(⊥A ∼= A→ T0)

A

0

X+

X−

Y −

Y +

X−[nat/α]

X+[nat/α]

⊥A X ( Y ∀α.X

Study the linear source language first.



Organizing Low-Level Computation
Rules (selection)

Γ, x : X ` t : Y
(I

Γ ` λx:X. t : X ( Y
Γ ` s : X ( Y ∆ ` t : X(E

Γ,∆ ` s t : Y

Γ ` t : X∀I α not in Γ
Γ ` Λα. t : ∀α.X

Γ ` t : ∀α.X∀E
Γ ` t A : X[A/α]

0 ` ? : ⊥0

x : A ` v : B Γ ` t : ⊥B
ACT

Γ ` (x 7→ v)
∗
t : ⊥A



Call-by-Name
JNK = ⊥nat ( ⊥

JX → Y K = JXK ( JY K

cps(n) = λk. (〈〉 7→ n)
∗
k

cps(λx:X.M) = λx.cps(M)

cps(M N) = cps(M) cps(N)

cps(add(M,N)) = ?

. . .

unit

nat



Call-by-Name
JNK = ∀σ.⊥(nat×σ) ( ⊥σ

JX → Y K = JXK ( JY K

cps(n) = Λσ. λk. (s 7→ 〈s, n〉)∗k
cps(λx:X.M) = λx.cps(M)

cps(M N) = cps(M) cps(N)

cps(add(M,N)) = Λσ. λk.M σ (N (nat× σ)

((〈m, 〈n, s〉〉 7→ 〈m+ n, s〉)∗k)

. . .

(TA := ∀σ.⊥(A×σ) ( ⊥σ)

Refinement of the Call-by-Name CPS-translation

σ

nat× σ
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σ

nat× σ

σ

nat× σ

M σ

nat× (nat× σ)

N (nat× σ)

nat× σ
+



Call-by-Value
Standard CPS-translation [Plotkin 1975]

T (X) = K(X)→ ⊥ A(N) = N
K(X) = A(X)→ ⊥ A(X → Y ) = K(Y )→ K(X)

cps(x) = λk. k x

cps(n) = λk. k n

cps(λx.M) = λk. k (λk1. λx. cps(M) k1)

cps(M N) = λk. cps(M) (λf. cps(N) (λx. f k x))

cps(add(V,W )) = λk. cps(V ) (λx. cps(W ) (λy. k (x+ y)))

x1 : X1, . . . , xn : Xn `M : X
=⇒

x1 : A(X1), . . . , xn : A(Xn) ` cps(M) : T (X)

What happens when we try to translate this directly?



Refining the Translation
CPS-Translation

Refinement

x1 : A(X1), . . . , xn : A(Xn) ` cps(M) : T (X)

x1 : Aϕ1(X1), . . . , xn : Aϕn(Xn) ` cps(M) : TCϕ1
(X1)×···×Cϕn (Xn)(X)
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Refining the Translation
CPS-Translation
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Cϕ(X → Y ) = ϕ Aϕ(X → Y ) = ∀τ .Kτ (Y ) ( Kϕ×τ (X)



Code Values, Access Programs, Continuations

Code types (value types)
Cϕ(N) = nat

Cϕ(X → Y ) = ϕ

Access types (computation types)
Aϕ(N) = ⊥0

Aϕ(X → Y ) = ∀σ.Kσ(Y ) ( Kϕ×σ(X)

Idea: Encode (source) values of type X by values of type
∃ϕ. Cϕ(X)×Aϕ(X)

Continuations (computation types)
Kσ(X) = ∀ϕ.Aϕ(X) ( ⊥(Cϕ(X)×σ)
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Code types (value types)
Cϕ(N) = nat

Cϕ(X → Y ) = ϕ

Access types (computation types)
Aϕ(N) = ⊥0

Aϕ(X → Y ) = ∀σ.Kσ(Y ) ( Kϕ×σ(X)

Idea: Encode (source) values of type X by values of type
∃ϕ. Cϕ(X)×Aϕ(X)

Continuations (computation types)
Kσ(X) = ∀ϕ.Aϕ(X) ( ⊥(Cϕ(X)×σ)

nat× (ψ × σ)nat× σ

Aϕ(N→ N) Aϕ((N→ N)→ N)

ψ × (ϕ× σ)

nat× σ

nat× σnat× (ϕ× σ)



Refined Translation

Tγ(X) = ∀σ.Kσ(X) ( ⊥(γ×σ)

x1 : Aϕ1(X1), . . . , xn : Aϕn(Xn) ` cps(M) : TCϕ1
(X1)×···×Cϕn (Xn)(X)



Example: T1(N→ N)

T1(N→ N)
∼=

∀σ.
(
∀ϕ.Aϕ(N→ N) ( ⊥(Cϕ(N→N)×σ)

)
( ⊥(unit×σ)

∼=

∀σ.
(
∀ϕ. (∀τ.⊥(nat×τ)( ⊥(nat×(ϕ×τ)))(⊥(ϕ×σ)

)
( ⊥(unit×σ)

unit× σ

ϕ× σ

nat× (ϕ× τ)

nat× τ

eval_term(〈〉, s){ ret_funval(p〈〉q, s) }
apply_fun(x, 〈c, t〉){ ret_natval(x+ 5, t) }

λx:N. add(x, y) =⇒



Refined Call-by-Value Translation
If Γ declares the variables ~z and these all appear free inM , then define
cps(Γ `M) by:

cps(x : X ` x) = Λσ. λk. (〈〈〈〉, x〉, s〉 7→ 〈x, s〉)∗(k C(x:X) x)

cps( ` n) = Λσ. λk. (〈〈〉, s〉 7→ 〈n, s〉)∗(k unit ?)

cps(Γ ` λx:X.M) = Λσ. λk. k C(Γ) (Λτ . λk1.Λϕx. λx. (〈a, 〈~z, t〉〉 7→ 〈〈~z, a〉, t〉)∗

(cps(Γ, x : X `M) τ k1))

cps(Γ `M N) = Λσ. λk. (〈~z, s〉 7→ 〈~z, 〈~z, s〉〉)∗cps(Γ `M) (C(Γ)× σ) t

where t = (Λϕ. λf. (〈ϕ, 〈~z, s〉〉 7→ 〈~z, 〈ϕ, s〉〉)∗

cps(Γ ` N) (ϕ× σ) (Λτ . λx. f σ k τ x))

. . .

If Γ declares more than the free variables ofM , then define

cps(Γ `M) = Λσ. λk. (〈~z, s〉 7→ 〈~y, s〉)∗(cps(∆ `M) σ k) .



Application of Γ `M : N→ N to Γ ` N : N

Message passing animation

nochmal zum Term

nat× (ϕ× τ)

nat× σ

γ × σ

ϕ× σnat× τ

γ × σ

∀σ.∃ϕ.∀τ .

M N

∀σ.
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cps(Γ `M N) = Λσ′. λk. (〈~z, s〉 7→ 〈~z, 〈~z, s〉〉)∗cps(Γ `M) (C(Γ)× σ′) t
where t = (Λϕ. λf. (〈ϕ, 〈~z, s〉〉 7→ 〈~z, 〈ϕ, s〉〉)∗

cps(Γ ` N) (ϕ× σ′) (Λτ . λx. f σ′ k τ x))
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cps(Γ ` λx:X.M) = Λσ. λk. k C(Γ) (Λτ . λk1.Λϕx. λx. (〈a, 〈~z, t〉〉 7→ 〈〈~z, a〉, t〉)∗

(cps(Γ, x : X `M) τ k1))
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Theorem. Suppose `M : N andM −→∗cbv n, where n is a value.
Then

cps( `M) unit K = (〈~z, s〉 7→ 〈n, s〉)∗(K unit ?)

for any closed continuation K of type Kunit(N).

unit× σ

nat× σ
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Lemma. LetM be a source term well-typed in context Γ. Then, for
all σ and all closed K such that cps(Γ `M) σ K is well-typed, we
have cps(Γ `M) σ K = M :Γσ K.

Lemma. IfM −→cbv N thenM :Γσ K = N :Γσ K for any σ and
closed K of the appropriate type.



Contraction
To translate the full source calculus, we need contraction on

variables of type Aϕ(X).

Value Types A,B ::= α | nat | unit | A×B | 0 | A+B

Computation Types X,Y ::= ⊥A | A ·X ( Y | ∀α.X



Conclusion
CPS translations for call-by-name and call-by-value can berefined to target a low-level computation calculus.
• fully specified translation to low-level language
• interface specification
• separate compilation
• exposes low-level details, e.g. closure conversion
• soundness proof managable
• value/computation-separation à la defunctionalization

Further work
• space bounds / optimisation using ∀αCA.X

• understand control flow data
• relation to call-by-value games
• fully abstract compilation


